Abstract. The precise integration method proposed for linear-invariant dynamical system can give precise numerical result approaching to the exact solution at the integration points. In this paper, a cheap and easy to implement precise integration method for time-dependent Schrödinger equation with periodic Hamiltonians is presented based on Magnus expansion of the solution of the system. The method requires evaluation of only one exponential of matrix, and preserves many of the qualitative properties of the exact solution.
Precise integration for the time-dependent Schrödinger equation 1 Hermitian Hamiltonian operator governing the evolution of the system. After spatial discretization the Schrödinger equation can be considered as linear ordinary differential equations. In most cases, the Schrödinger equations have periodic Hamiltonians, and after averaging of the time-dependent part of the Hamiltonian over its period, the system can be considered as linear-invariant. So precise integration method [1] [2] [3] can be used for solving the linear-invariant system. In the following we will present the new numerical methods. In the end the performance of the methods is illustrated with several examples. 
where and is an Hermitian matrix associated to the Hamiltonian (usually it is real and symmetric).
To avoid the need for complex number computations, we apply the fact that the quantum system (2) is equivalent to a 2N degree of freedom classical Hamiltonian system:： 
, the solution of equation (3) can be written as
It is the exact solution of equation (3) . This is not the usual case and in general one has to look for numerical approximate solutions. Magnus series methods [4] [5] [6] give 2n order approximate solution of the equation (3):
. Each term in the series is a multiple integral of combinations of nested commutators containing
, and it can be obtained in a recursive way [4] [5] [6] . Precise integration method can compute the exponential matrix involved in the numerical methods quickly and effectively. As stated above, the approximate solution of the equation (3) is (7) ( )
Precise integration for the time-dependent Schrödinger equation
The exponential matrix can be calculated precisely as follows. That is,
with
. Let L=20, we have m=1048576. with periodic boundary conditions assumed. Using fourth-order space discretization to the equation (3), we can obtain a classical time-dependent Hamiltonian problem. Then we use the fourth-order method stated above to solve it. The numerical results are shown in Figs. 1-6 . We consider the laser field perturbation through 4000 periods of the laser frequency, and display the error of energy and norm of the numerical solution for the first case in Fig. 1 , and for the second case in Fig. 2 with the period of the laser field as the time step. In Fig. 3 we give the error of energy and norm of the numerical solution for the third case with 14 times the period of the laser field as the time step, numerical results show that the methods allow big time-steps. In this paper, we present a series of methods that lead to high accuracy computations of timedependent Schrödinger equation with periodic Hamiltonians. We need to calculate only one exponential of matrix. The methods are very cheap, and the symplecticity and unitary of the numerical solution are conserved to high order. Moreover the methods have better stability, allowing bigger time-steps, and have superiority if the time-dependent functions oscillate quickly. 
